Steady response of a linear, two-layer baroclinic ocean to a steady thermal forcing was investigated on a mid-latitude β-plane. Surface heat flux and its relaxation processes were parametrized as a form of heating function and Newtonian cooling term of cross interfacial velocity w in the continuity equation. Ageostrophic linear drag terms were employed to represent the western boundary layer for accomplishment of the steady circulation in the closed domain. In the interior, the dynamics belongs to the f-plane regime. The flow in the upper layer is zonal and eastward, which is the same as that expected in the channel without meridional boundary. The eastern boundary region is the so called "Sverdrup region", in which the vortex stretching balances the β term, though w contains a damping term. It directs the zonal flow southward (northward) in the south (north) followed by upwelling (downwelling) and forms the two gyres. Western boundary region is of the Stommel type except the upwelling (downwelling) in the south (north). The meridional circulation is similar to the Hadley Cell except southern and northern boundary layers. However, its strength is much greater than the latters.
Introduction
It is well known that the differential heating on the sea surface is one of the main factors to drive the ocean general circulation as well as the wind stress. However, the nature of the dynamics and the thermodynamics of the thermally driven circulation is not clearly understood compared with that of the wind driven circulation. Difficulty of the theoretical study results from the special nature of the ocean circulation, i.e., the flow field and the stratification must be determined simultaneously.
The ocean has particular structure of the stratification of density and temperature. In the early stage of the study of the thermohaline circulation, the focus was put on the maintenance of the thermocline. The local, convective adjustment process does not work in the region where the sea surface is heated. The large scale circulation itself determines the stratification. Due to this nonlinearity, it was difficult to match obtained similarity solutions to simple boundary conditions (see Veronis (1969) and Welander (1971) for review).
The existence of the coast has a strong influence on the current system in the wind driven circulation. Takano (1962 ) and, later, Pedlosky (1969 investigated the thermohaline and winddriven circulation using linearized governing equations at the sacrifice of nonlinear advection of heat. Their results are, however, complicated owing to the multiple boundary layer and the infinite vertical modes. Barcilon (1971) clarified the behavior of the solution for the thermally driven flow with more simplified equations containing geostrophic balance. He showed that the vertical velocity beneath the thermocline vanishes. It seems to explain well a part of the solution obtained numerically by Bryan and Cox (1967) . But the vertical section of the temperature differs from theirs.
To avoid the assumption of the basic state with uniform stratification (constant Vaisala frequency), Davey (1983) used a two-level model and introduced non-geostrophic components for the velocity to permit the variation of the stratification in the boundary layer. According to his theory, the advection of heat modifies the static stability slightly from the initial value. On the other hand, cooling northward produces strong upwelling in the western boundary layer and weak downwelling in the broad eastern region. The width of the eastern region is determined by the decay scale of long Rossby waves from the east coast.
In the present paper, we study a steady thermal circulation in a closed domain with use of a linearized, two-layer model on the mid-latitude β-plane. The aim is to prepare a simple largescale model driven by a surface heat flux regardless of formation of the thermocline. A bounded domain is used to close the flow field. The northern boundary really exists in the northern hemisphere and the equator plays a role of the southern boundary for the symmetric forcing. Instead of the two-level model, the two-layer model was employed because (1) it represents the characteristic stratification of the ocean, (2) the first baroclinic mode can be extracted and the physical processes made clear, and (3) it is an exact system mathematically.
Formulation
We consider a rectangular, shallow, two-layer ocean shown in Fig. 1 . The variable of the upper layer has a subscript 1 and the lower layer 2. The governing equations of the steady state are
where f = f 0 + βy is the Coriolis parameter, g is the acceleration of gravity and g′ = g∆ρ/ρ 1 is the reduced gravity (∆ρ = ρ 2 -ρ 1 ); γ denotes the coefficient of Rayleigh friction, which is assumed to be much less than f. The vertical velocity w is interpreted as a conversion rate of the lower cold water to the upper warm water through a unit area of the interface. It will be discussed later in this chapter.
Since we consider only the thermal forcing, the barotropic mode does not develop:
( )
One of the direct conclusions from (2.5) is the algebraic relation between h (= h 1 + h 2 ) and h 2 ,
Or by the assumption g′ Ӷ g,
Therefore, we can concentrate our attention solely on the baroclinic mode. Putting 
To solve the problem we must specify a cross-interfacial velocity w using the thermal forcing. Consider a water column, upper and lower part of which have uniform temperature T 1 and T 2 , heated by a downward heat flux Q S . Negative Q S means cooling and is assumed not too strong to destroy the basic stratification. Horizontal heat flux is assumed to be small. Since the bottom is insulated, Q S must balance with a rate-of-change of water temperature on the interface in the steady state, and therefore
where ρ and c are density and specific heat of water. Now, we take a bulk formula for the form of Q S
where k is a bulk coefficient, T 1 ′ is a deviation from the basic temperature and T A is an air temperature on the sea surface given properly. Then we obtain
The first term of the r.h.s. gives a thermal forcing and -T 1 ′ corresponds to an interfacial deviation η 2 = h 2 -H 2 (≈ H 1 -h 1 ) in a layer model. The equivalent analogy for the two-layer model requires the following form for the vertical velocity w as,
where B(y) represents a heating function which is assumed independent of x to mimic the meridional variation of T A . α is the coefficient of Newtonian cooling which is assumed to be α Ӷ f. The meaning of the second term, i.e. parameterization of the thermal process as a form of Newtonian cooling, was discussed by Cushman-Roisin (1987) from a physical point of view and Kawase (1987) using a finite-difference form for the vertical diffusion. From (2.13) and (2.14) the equation of h 2 is obtained.
2.15
( ) It corresponds Eq. (6.6) of Davey (1983) (note: Davey's T does not correspond directly to the upper level temperature T 1 ). A boundary condition for h 2 on the western/eastern coast is given by u = u G + u R = 0, which leads to, with (2.11) and (2.12),
2.16
( )
Similarly on the southern and northern coasts, a boundary condition
( )
Solution
Because of the smallness of β and γ, the form of (2.15) suggests that there exist boundary layers along the coast. Therefore, we seek a solution as
where B 0 is an amplitude of B(y) and Φ is modification of h 2 near the boundary, i.e. in the Southern and Northern Boundary Layer, φ is given by
In the Western and Eastern Boundary Layer, φ is given by
δ, δ W and δ E are the widths of the southern (and northern), western and eastern boundary layers, respectively. In the parameter range of αγ/(βλ) 2 Ӷ 1 these boundary layer widths are approximated as
The former is well known as the width of Stommel's western boundary layer. The latter is a decay scale of long Rossby wave. The name of the "eastern boundary layer" is not strictly appropriate in this case, because the first term in (2.15) (that with the highest-order derivative) does not play a significant role. But we accept this terminology to separate the region from the interior. A S and A N are determined from (2.17),
Note that in our parameter range, i.e., δ Ӷ L and δ L > L, the southern and northern boundary layers are narrow and weakly varying in the x-direction. From (2.16),
Integrating (3.13) and (3.15) by y, we obtain
3.18
We use the continuity of h 2 in the corners. It is not only difficult but also not fruitful to obtain exact solutions near the corners of the basin. It is easily understood, however, that in the corner region, ∂ x ≈ ∂ y , the boundary conditions (2.16) and (2.17) are approximated as 3 .20 ( ) under the assumption of γ Ӷ f. Those boundary conditions lead to the following relations,
As a result of these conditions, the balance of water masses gets satisfied. We take a meridional profile of thermal forcing B(y) as
Then, calculation of the integrals in (3.17) and (3.18) yields
The terms in (3.21) are therefore rewritten as
Substituting (3.25) into (3.21) and noting that
we finally obtain The double gyre structure in the horizontal plane is to be expected. Clockwise circulation in the southern gyre of the upper layer, which is given by r u 1 = (H 2 /H) r u , is caused by vortex shrinking accompanied with upwelling balancing the heating. The reverse is true for the northern gyre. We now proceed with the details.
In the interior region, the flow is zonal and eastward. It is geostrophic and looks like a channel flow without meridional boundary. 
Note that the meridional circulation is γ/f times weaker than zonal current. This may correspond to the zero vertical velocity just below the thermocline found by Barcilon (1971) . Vertical rigidity of water is thought to result in the f-plane regime. The meridional circulation (3.27) forms Hadley Cell described by Gill (1982) . Dynamics of the western boundary layer is nearly the same as that obtained by Stommel (1948) although here the forcing is not a wind-stress curl but an uneven heating/cooling at the surface. There is strong upwelling south and downwelling north. However, they do not change the nature of the boundary current. Its contribution in the vorticity balance through streching term (w/λ 2 in (2.13), which represents the vortex stretching in the deep layer due to w) is nearly αγ/ β 2 λ 2 and small compared with other terms having an x-derivative. Thus,
In the eastern boundary layer, the stretching term is essential in the vorticity balance. That is, from (2.13),
As Kawase (1987) noted, the eastern boundary current may be thought as an interior flow driven by vortex stretching. Northern and Southern boundary layers are compensating layers, width of which is δ. Stretching term is balanced by the frictional damping,
The volume transport in each boundary layer of the upper layer is given as
Functions A W (y) and A E (y) are shown in Fig. 3 . The continuity of these transport at a corner is guaranteed by (3.21). Their small but non-zero value at a corner is a result of neglecting the corrections to be added to the boundary layer solution. The order of magnitude of the WBC is g′B 0 /αfδ W ≈ 10 5 ·B 0 . The meridional circulation of our model is easily seen by defining the following quantities,
These are shown in Fig. 4 . Except SBL and NBL it looks like the Hadley circulation, which is represented as
by picking up O(γ/f ) terms in the interior in our model. The magnitude of the meridional circulation is fλ 2 /γλ 2 lL, which is f/γ times stronger than that of the interior Hadley Cell. The transport by the eastward zonal flow in the interior region is nearly equal to the sum of those by northward WBC (in the southern gyre) and southward WBC (in the northern gyre), that is to say, 2·fλ 2 B 0 /α. Because it almost cancels horizontally together with eastward return flow in NBL and SBL, we do not show the east-west circulation integrated in the y-direction.
Discussion
We cannot apply the solutions obtained in Section 3 to the corner region. It is difficult to imagine that the corner regions are active to the overall flow field. We performed some numerical experiments to confirm this. Basic equations are the shallow water equations for a single baroclinic mode, 
with ∆t = 120 sec, ∆x = ∆y = 30 km, L = 3000 km. Other parameters are the same as those of Fig.  2 . A steady state is achieved after 400 days calculation. Figures 5(a) and (b) show horizontal velocity (u, v) on the contours of h 2 -H 2 and contours of w, respectively. They agree well with the analytic solution shown in Fig. 2 .
To consider the role of β in the steady response problem, we take the limit β → 0. The width of the boundary layers are all δ given by (3.7) and (3.8), i.e. δ W = δ E = δ, on the f-plane. These are very narrow and in the interior region, w Ӎ 0 and zonal current (given by (3.27)) directing eastward is dominant. Figure 6 obtained by the numerical experiment on the f-plane shows all the same as the analytic solution. The combination of β and the existence of the eastern boundary extends the upwelling/downwelling region from the eastern coast to the west so that it relaxes "rotational rigidity" due to f.
As β increases, the horizontal divergence increases and the contribution of Newtonian cooling decreases ((2.9) and (2.14)). Therefore, |h 2 -H 2 | decreases as shown by Fig. 5 . This is clearly shown by the equatorial β-plane case (Fig. 7) . The southern boundary is located on the equator. This can be considered as the steady state under a forcing which is symmetric about the equator in the north and south direction. On the equatorial β-plane, the deformation radius is λ EQ = (g′H ′/β 2 ) 1/4 Ӎ 500 km. According to Kawase (1987) , the balance of vorticity in the equatorial boundary layer within our parameter range is −γ∂ y u + βy H' wӍ0. Thus the width of the equatorial boundary layer is
Ӎ900 km.
Note that our solutions given by (3.1) are restricted within the parameter range of
Because of ε W ·ε E = δ 2 /L 2 , we get automatically δ Ӷ L. In the limit of β → 0, (ε W , ε E ) → δ. Then we can use our solutions (3.1) on the f-plane. On the equatorial β-plane, ε W and ε E correspond to Kawase's ε and δ (taking λ ≈ g' H' /βL), respectively.
Summary
We have investigated the steady-state response of a two-layer ocean to a thermal forcing, which is intended to represent large-scale differential heating, that is, heating in south and cooling in north. Resulting flow in the upper layer is zonal and eastward in the interior, which forms the clockwise gyre in south and anti-clockwise gyre in north. In the interior w is very weak. Upwelling (downwelling) is seen in south (north). It is strong in the south (north) part of western (eastern) boundary layer. Almost all of the northward heat transport comes from western and eastern boundary layers.
The aim of this study is to explore some of the processes affecting the distributions of vertical velocity w, to clarify the dynamical role of an interior and boundary layers, and not to simulate the formation of the thermocline. Comparison with other simulated or observed maps is difficult owning to the nature of our model. The assumption that the thermal forcing is weak enough not to destroy the basic stratification and that it satisfies a local, one-dimensional heat balance limit an application of this study to a rather shallow, weak circulation. On the other hand, numerical models (Bryan and Cox, 1967; Cox and Bryan, 1984) show the remarkable asymmetry in the meridional circulation in which strong downwelling (formation of deep water) reaches to the bottom in the very narrow region and compensating upwelling spreads broad interior. A cyclonic (anticyclonic) gyre forms in the upper (lower) layer accompanied with the upwelling in the interior. The convection of heat play an essential role in the heat balance and resulting density stratification differs thoroughly from an initial one. The formation of deep water at high latitude and the determination of the basic stratification must be incorporated, for example, as indicated by Tziperman's deep water ventilation model (1986) , but is left for the future.
We have dealt with only the first baroclinic mode. Coarse representation of the thermal forcing corresponds to it. The more layers we incorporate into our model to get finer resolution, the more baroclinic modes we must deal with. Higher modes will be excited because real thermal forcing is given at the sea surface. However, they are severely affected by vertical viscosity and diffusion due to their vertical small scales and slow speeds of propagation, so that the steady forced response of higher modes will be confined within the sea surface boundary layers described here. It is an obvious deficiency that thermodynamic processes are crudely represented in our model. Modeling of the surface mixed-layer is needed for more delicate calculation.
We did not consider the wind-stress. It affects the circulation in many respects, for example, it deepens the upper layer in the subtropical, which leads to the cooling there (Cushman-Roisin, 1987) . Seasonal variations must also be incorporated.
